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ABSTRACT A master equation theory is formulated to describe the dependence of the fluorescence yield (4) in
photosynthetic systems on the number of photons (Y) absorbed per photosynthetic unit (or domain). This theory is
applied to the calculation of the dependence of the fluorescence yield on Yin (a) fluorescence induction, and (b) singlet
exciton-triplet excited-state quenching experiments. In both cases, the fluorescence yield depends on the number of
previously absorbed photons per domain, and thus evolves in a nonlinear manner with increasing Y. In case a, excitons
transform the photosynthetic reaction centers from a quenching state to a nonquenching state, or a lower efficiency of
quenching state; subsequently, absorbed photons have a higher probability of decaying by radiative pathways and 4)
increases as Y increases. In case b, ground-state carotenoid molecules are converted to long-lived triplet excited-state
quenchers, and 4) decreases as Y increases. It is shown that both types of processes are formally described by the same
theoretical equations that relate 4 to Y. The calculated 4) (Y) curves depend on two parameters m and R, where m is the
number of reaction centers (or ground-state carotenoid molecules that can be converted to triplets), and R is the ratio 4)
(Y-- oo)/(Y- 0). The finiteness of the photosynthetic units is thus taken into account. Them = 1 case corresponds to
the "puddle" model, and m -- co to the "lake," or matrix, model. It is shown that the experimental 4) (Y) curves for both
fluorescence induction and singlet-triplet exciton quenching experiments are better described by the m -- oo cases than
the m = 1 case.

INTRODUCTION

The instantaneous fluorescence and photochemical proper-
ties of photosynthetic systems often depend on the number
of photons previously absorbed by the sample. One well-
known example is the fluorescence induction phenomenon
(1) in which the fluorescence yield increases with increas-
ing illumination time; this effect is due to the transforma-
tion of the photochemically active reaction centers to the
inactive state. Another example is the quenching of singlet
excitons by carotenoid triplet excited states created by the
previous absorption of photons (2-5). In both cases, the
initial absorption of photons changes the subsequent fluo-
rescence properties of the system. In the case of singlet-
triplet quenching, the lifetime of the singlet excitons is
decreased and the subsequent quantum yield of generation
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of additional triplet states is also reduced. The fluorescence
yield is thus a complex function of the number of photons
absorbed.

Simplified mathematical treatments of both fluores-
cence induction (1, 6, 7) and singlet-triplet quenching
(2, 3, 5, 8) have been presented, but do not explicitly take
into account the possible finite nature of the photosynthetic
unit. The latter consists of a reaction center and the
associated chlorophyll antenna molecules, or the number of
carotenoid molecules per unit.

In this work a Master Equation Theory describing these
phenomena is presented. The formulation of this theory is
similar to the one presented earlier for singlet-singlet
exciton annihilation (9). It is shown that the same equa-
tions for the instantaneous fluoresence yield X, and the
integrated (over the duration of an excitation pulse) fluo-
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rescence yield 4) are formally valid for both the fluores-
cence induction and the singlet-triplet quenching cases. In
this theory, it is assumed that the excitons are confined to
domains consisting of a finite number of chlorophyll
molecules, and in reaction centers (or carotenoid mole-
cules). A parameter R, which denotes the relative fluores-
cence in the high and low limits of absorbed photons ( Y), is
defined. The fluorescence yields, fluorescence induction
curves, and fraction q of transformed reaction centers (or
carotenoid molecules in the triplet state), are calculated as
a function of Y. These quantities depend on the parameters
R and m, the size of the domains. As expected, the usual
Poisson laws (10) apply for m = 1 (isolated photosynthetic
unit), while for m -- mc the continuum equations (8) are
applicable. However, these two extreme limits are also
obtained for finite values ofm and for certain values of R.

FORMULATION OF THE MODEL

Definition of Domains
We consider a system of N chlorophyll molecules that
contains m (m = 1, 2, 3, . .. cc) possible quenching mole-
cules and that is called a domain. Such domains are not
necessarily characterized by any physical boundaries, but
serve simply as a conceptual basis for the development of
the model. This system has been previously utilized by us in
formulating a Master Equation approach for treating
singlet-singlet annihilations in photosynthetic membranes
(9). As in the previous paper (9), we assume that the
exciton motion from molecule to molecule is characterized
by a hopping mechanism rather than by a coherent trans-
fer mechanism, and we adopt the uniform or random
approximation of exciton distributions. In this approxima-
tion it is assumed that the exciton spatial distribution is
randomized within a time interval that is small compared
with the characteristic bimolecular and unimolecular
decay times of the singlet excitons. This approximation is
discussed in more detail in the Appendix.

Types of Quenchers
Our model is applicable to three different types of quench-
ing that are well-known in fluorescence studies of photo-
synthetic systems. Regardless of the type of quencher,
these entities will be designated as Q in this work. The
three types of quenching are:

(a) Quenching of singlet excitons by reaction centers of
photosynthetic systems. It is well known that the fluores-
cence yield increases when the reaction centers (RC) are
transformed from the "open" (quenching) state to the
"closed" (nonquenching, or diminished quenching effi-
ciency) state. This fluorescence increase is called fluores-
cence induction (1).

(b) The quenching of singlet excitons by triplet excited
states. These quenchers are usually carotenoid triplets. As
more and more photons are absorbed by a photosynthetic

system, more triplets are created and the fluorescence yield
decreases.

(c) Quenching of singlet excitons by extrinsic quenchers
such as quinones or dinitrobenzene. Applications of this
type of quenching have been described previously (2, 1 1).
The first two cases differ significantly from case c. In

both a and b, the initial interaction of an exciton with the
quencher (of which there are m per domain) transforms
the latter from state QO to state Qq. In case a, the exciton
quenching efficiency of QO is greater than that of Qq, while
in case b the reverse is true. Therefore the fluorescence
yield in both cases a and b depends on the number of
quenchers transformed from QO to Qq and thus on the
number of photons previously absorbed. In case c the
quenching of the fluorescence is independent of the num-
ber of photons absorbed.

In this work we are concerned with cases a and b only,
and it is shown that both cases can be treated within the
same framework and are formally quite similar.
The total rate of deactivation of singlet excitons is

K, = k + kQi (1)

where

k = kF + kls + kD (2)

is the unimolecular decay constant (kF = radiative, kls =
intersystem crossing, and kD = nonradiative unimolecular
decay constants), kQ,i is the bimolecular decay constant
when a singlet exciton interacts with a quencher Qq. The
index i denotes the dependence of this rate constant on i,
the number of quenchers in the state Qq, according to

QO + exciton Qq. (3)

Thus, (i/rm) is the fraction of quenchers in the state Qq. We
furthermore define the following rate constants,

kQ 0 (kQ,i when i = 0) and kQ,M (kQ, i when i = m). (4)

In the case of the reaction centers (case a), kQ 0 > kQ m;
in case b, kQ,o is assumed to be either zero, or kQ m>> kQ,o
(quenching by triplets). In case a, m is the number of
reaction centers per domain, in case b it is the number of
carotenoid molecules that can ultimately be transformed to
triplets.
When only i out of m quenchers are in the state Qq, we

can write

kQ,i = (m - i)/m kQo + (i/m) kQm (5)

and

K, = k + (m - i)/m kQ0 + (i/m) kQ,m
= (m- i)/m K. + (i/m) Km (6)

where

Ko= k + kQ,, and Km =k + kQ,m (7)
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We also define the rate constant for the transformation
of Qo to Qq (eq. 3), which is also a function of i:

rn-iK' m-i K (8)
m

where XO is the quantum yield of formation of Qq when i =
0. In general, when there are already i quenchers in a
domain, the quantum yield of formation of the state Qq is

K'i (mr-i)/rm
KKi (m- i)/m + (i/m) (1/R) (9)

where

K.R=-K (10)
Km

is an important parameter in the equations describing the
dependence of the fluorescence on the number of absorbed
photons, as is shown below; R defines the ratio of fluores-
cence yields for i = m divided by the yield when i = 0; for
case a, R > 1.0, while for case b R < 1.0.

FORMULATION OF THE MASTER
EQUATION

The state of a domain is defined by two variables: i,
(O < i sim), the number of quenchers that have already
passed from the state Qo to the state Qq (Eq. 3), and n, the
number of singlet excitons per domain.
The following transitions from one state of the domain to

another state can be distinguished:

rate constant K; (quenching
of a singlet exciton accompa-
nied by the transformation of
an additional quencher from
QO to Qq)
rate constant Ki - K;
(quenching of an exciton
without transformation of
QO)
rate aI (creation of an
exciton), a is the absorption
cross section per domain for
the creation of an exciton,
while I is the incident photon
flux.

The rate constant K1 -K is the quenching rate constant
of a singlet exciton that does not give rise to a Qo Qq
transition. An important simplification in this scheme is
that the lifetime of a Qq state is much longer than the time
scale of the experiment. This is a reasonable assumption in
case b if the fluorescence measurements are performed
with laser pulses that are less than -1 ,us in duration, since
it is known that the lifetime of the carotenoid triplets is
several microseconds long (2, 4, 5, 8). For case a this is also

a reasonable assumption in most fluorescence induction
experiments, since the Qq state in chloroplasts is stable
during the tens-of-seconds timescales of such experiments
(12, 13).
We introduce the probability p (i, n, t) that a given

domain is in the state (i, n) at a time t. Its time dependence
is

p(in) =p(i, n + 1; t)(n + 1)(K - K!)
dt I

+ p(i - 1, n + 1; t)(n + I)Ki- - p(i, n; t)nK,

+orIp(i, n - 1); t) - aIp(i, n; t). (11)

The origin of the different terms in Eq. 11 may be
understood by referring to the diagram in Fig. 1. Each
point on this two-dimensional diagram (maximum vertical
dimension is m) denotes a possible state of the domain.
Transitions other than the ones shown are neglected either
on physical grounds, or within the context of the approxi-
mation that the i states do not decay on the time scale of
the experiments that are described by this theory. The
other assumptions are that the absorption of light through-
out the sample is uniform and that the intensity I is
sufficiently low that singlet-singlet exciton annihilations
can be neglected.
Some generally valid relationships, without further

approximations, can be deduced from Eq. 11 by introduc-
ing the following two quantities:

(n) = E p(i, n;t) and (i) = E p(i, n; t)i
i,n i,n

(12)

where (n) denotes the mean number of excitons per

M~~~~~~~~~~~

i :i-1{ 1 K*Ki

~~Kg ~ K

14 , * * . .

0 1 n-1 n n-1 n-2

excitons / domain

FIGURE I Two-dimensional representation of a domain and explanation
of Eq. 11. There are a maximum number of m quenchers in the state Q.
(see Eq. 3); i is the actual number of quenchers in the Qq state; n
represents the number of excitons per domain. The various transitions to
and from the state (n, i) and the relevant rate constants are depicted (see
Eq. 11).
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domain, while (i) denotes the mean number of quenchers
in the state Qq.

Utilizing Eq. 12, we obtain from Eq. 1 1

d( aI K()- (Km- Ko)(n) (13a)

d(i) niK(~oo) 1b
dt xXoK( n) - xOX (m (Il 3b)

These two coupled differential equations may be combined
to yield the useful relationship

d(n) K .~+K - K, d(i)=It=0I-K(n) + ' K0 (t (14)

Because of the discreteness of the domains, particularly
when m is small, Eqs. 13 and 14 cannot be solved in the
usual manner, and Eq. 11 must be used. On the other hand,
Eqs. 13 and 14 can be simplified in the case of very large
domains (m -- 00, the continuum case) by setting (ni/m)
- (n) (i/m); furthermore, as will be shown below, these
equations are also useful in the steady-state case, d (n)/
dt = 0, or, integrated over an entire excitation pulse, fj d
(n)/dt = 0, where T is the duration of a pulse.
The solution of Eq. 11 is possible under certain restric-

tive, though physically realistic conditions. We first define
the quantities

pi(t) = Z p(i, n; t),
n

n,(t) = E p(i, n; t)n
n

(15)

where pi is the probability that there are i quenchers in a
domain, while ni is the mean number of excitons when
there are i quenchers in a domain. Under conditions of
excitation intensities such that

dI
aIf anIdt << KO, Km, (16a)

the condition

for the case of a delta-pulse excitation (for example,
picosecond laser-pulse excitation), by setting the cI terms
in Eq. 11 equal to zero. Only the case of nanosecond
duration pulse excitation (fluctuations in I on the time-
scales of Ko ') is difficult to solve exactly.

CALCULATION OF EXPERIMENTALLY
OBSERVABLE QUANTITIES

The experimentally measurable quantities are the follow-
ing: f, the instantaneous fluorescence intensity; X, the
instantaneous fluorescence yield; 4), the integrated fluores-
cence yield resulting from an excitation pulse, and q =
(i/rm), the fraction of quenchers in the Qq state.

In Eq. 18, pi(t) depends upon the time. Because q, and
therefore 4 and 4), depend upon the history of the domain
(i.e., the number of total photons previously absorbed), it is
useful to express p,(t) as p,(Y,), where Y, is the number of
photons absorbed between the onset of the excitation at t =
0, and the time t:

= aI(t') dt'. (19)

If I(t') is constant, then Y, = aIt. If pulse-excitation is
utilized, and if the duration of the pulse is t = r, then the
total number of photons absorbed per pulse is

Y= fI(t') dt'. (20)

Eq. 18 may be rewritten in terms of the variable Y,:
dp(Y,Y) i(Y.) + xi-lPi-l(Y.)

dY = -x,p(Y)+x p Y) (21)

where pi is now a function of Y,. The experimentally
observable variables may now be further defined:

(i) f, the instantaneous fluorescence intensity at time t,
after Y, photons had been absorbed:

f = kFE ni (Y,) = aI , Pi(Y.)O
i i

(22)

(16b)

should prevail. To ensure that the number of excitons per
domain is unity or less, their rate of creation by light
absorption must be <KO 109 s-', since the lifetime of
singlet excitons in photosynthetic systems is of the order of
-1 ns (1). Furthermore, the intensity I should not exhibit
strong variations on the nanosecond time scale, either. It is
shown in the Appendix that, when these conditions are
fulfilled

where X, = (kF/K,) is just the instantaneous fluorescence
yield when there are i quenchers in a domain. The overall
instantaneous fluorescence yield 4X (Y,) is

O(Y,) = l = Pi(Y,Oi .01i
(23)

(ii) The total fluorescence F emitted during the course
of an excitation pulse of duration r

ni(t) = K Pi(t)Ki

dp(t) = _-xiPi(t) + xi-1pi-i(t).aI dIt

(17)

(18)

It should be noted that Eq. 11 can also be solved exactly

F = kF ,If ni(t) dt = fY(Y,) dY,

and the integrated fluorescence yield 4), defined as

4) = (F/Y) = 1/YiO(Y,) dY,.

(24)

(25)

(iii) While 4 and 4) are the instantaneous and integrated
fluorescence yields that are observed experimentally, it is
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useful to define the analogous normalized quantities O'
(Y,) and 4' (Ye), which range in value between 0 and 1:

O(Yt) - Om
01y)o=0 - Om i

p(,

=t Xi- 'km
'ko - 'm

(26)

(27)

ci is the instantaneous fluorescence yield when there are i
quenchers in a domain, +0 and 0km are the corresponding
quantities when i = 0 (Y, = 0) and when i = m (Y, -- cc),
when all quenchers have passed into the state Qq.

In view of Eq. 10, the parameter R can also be expressed
as

I(o 'kmR=-= .
Km 9bo

(28)

Similarly, we define the normalized integrated fluores-
cence yield

'k-9m I Y
4,, = = J' '(Yt) dYt,.'km-.Yo

(29)

The relationships between the experimentally measurable
quantities ' (Y,) and 4) (Y), the limiting values k0X and km,
and the normalized, calculable quantities '' (Y,) and 4'
(Y) are depicted in Fig. 2. Two examples are given
corresponding to R = (m/lo = 4 and R = 0.1. The first is
an example of the general case a in which R > 1.0 and
fluorescence induction occurs, and the other one corre-
sponds to case b, R < 1.0, fluorescence quenching by
photoinduced triplets.

(iv) Determination of the fraction q = <i/m>, the mean
number of quenchers in the Qq state. This quantity can be
evaluated from Eq. 14. For any excitation of duration r in
which Y photons have been absorbed, we obtain

j7dtn~ dt = 0, (n) dt =
Y

= k C

Integrating Eq. 14 we obtain

q = (E p1(Y,)(i/m) = q.

+
of '(Yt)dY q,-qo+m Y4) (30)
m ~~~m

where qo is the value of q at the onset of the pulse at t = 0
(Y, = 0). It should be noted that Eq. 30 is quite general
since it has been obtained from Eq. 14 without the special
limiting conditions defined in Eq. 16. The fraction of
quenchers in the Qq state is proportional to Y/m, the
number of photons absorbed per quencher; x.0 the intrinsic
quantum yield of formation of the Qq state; and )', the
normalized integrated fluorescence quantum yield. Thus, q
can be obtained from experimentally determined values of
( (Y,) and 4) (Y), from which '' (Y,) and ' (Y) can be
obtained. In experiments of fluorescence induction, the

d

$ (y)

0 y , s__.l

0.01 0.1 1.0 10
log. Y

FIGURE 2 Explanation of measurable ( ) and calculated (-!---)
quantities; o (Y,) and 4' (Y,) are the measured and normalised instanta-
neous fluorescence yields when Y, photons have already been absorbed by
the sample at time t. 'P (1) and ' (I) are the fluorescence yields
integrated over an entire excitation pulse (duration T, total photons
absorbed Y). The solid line in b is the "work-integral"--see text. a and b
show fluorescence induction, c and d show fluorescence quenching. While
the solid lines are meant to represent actual experimental observables, the
curves shown have been calculated utilizing Eqs. 45 and 48 (m - cc) and
the Definitions 26 and 29, utilizing the R values given in the figure. For
case a, R > 1.0; for case b, R < 1.0.

quantity 7' 4' (Y,) dY, in Eq. 30 is known as the "work
integral" (1). It can be directly obtained from such experi-
ments, and its dependence on Yis also shown in Fig. 2.

EXPLICIT CALCULATIONS OF'' (Y,) and
lb' (Y)

It is evident from the previous section that, to compare
experimental results with those of the theory, explicit
values of'' (Y,) and 4' (Y) must be calculated. For the
general case of finite m, the starting point for such
calculations is Eq. 21; the parameters of the theory are the
number of photons absorbed (Y, or Y), the relative fluores-
cence yield parameter R (Eq. 28) and m, the dimension of
the domain. When m c, the continuum case (Eq. 13)
can be solved directly.
The explicit derivations are given in the Appendix. We

obtain:
m-l IM-

'(Y1) = Z Pi(O) E
i-O j l

R(1 R)M (m--
m

x [j + (m - j)R]i-'-' e-xJy } (31)
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and 1 mn-l
Xj (Y) dY, = ZPi(o)

{|(m -i)- C (1
1 R) (m-j

x [j + (m -j)R j-ie-xjr. (32)

The factor C'.-'i is defined, as usual, by

-.l (rn-i)!
m( - i)!(m - j)! (3)

The quantity pi (o) is the probability that at t = 0 (Y, =
0) there are already i quenchers present in a domain. In our
discussion in this work, we assume that none of the
quenchers QO have been previously transformed to the state
Qq. Thus all terms p, (o) = 0 (i 2 1) and po (0) = 1.0. Thus
the double sums in Eqs. 31 and 32 reduce to single sums. It
should be noted that when, in general, p, * 0 (for i * 0),
and if the quenchers are initially distributed at random,
then

pi(o) = C' qo (1 - qo)mni (34)

where q. is the average initial concentration, and Eq. 34 is
just the binomial distribution.

Using po (o) = 1, pi (o) = 0 (i # 0), some of the equations
for 4' (Y,) and 4' (Y) for the first few possible values ofm
are given below:

(a) m = 1

l,(Yt) = e-x°y, (35)

+l)(Y) = y( -e- x-Y).x-0y

. (1 + 2R)e-xlY_ (2 + R)2 e-X2Y (40)

Another important case is the continuum case, for which
m is very large. We now consider this case in some detail:

(d) m -- oc.

When m 0, Eq. 13 can be further simplified since, in
large domains (ni/lm) = (n) q. We thus obtain

d(n) = -rIK(n) - (K. -Ko) (n)q (41a)
dt

dq =X.K° (n) (I - q). (41b)dt m

We solve these equations for the case of pulse excitation
which gives LTd (n) = 0. By first integrating Eq. 41b we
obtain the quantity -ln (1 - q) which, upon appropriate
substitution in Eq. 41a, gives

RX= -(1-R)q- In(l -q) (42)

where we have expressed the number of absorbed photons
per quencher which transforms this quencher from the QO
to the Qq state by

X_ X.Y
. (43)

m

By making the appropriate substitutions mX = x.,Y in
Eqs. 35-40, it is convenient to evaluate these latter equa-
tions in terms ofX rather than of xOY.

Using the relation obtained from Eq. 30 with q0 = 0 we
obtain

(36)

It is evident that these equations are also obtained from
Eqs. 31 and 32 for any finite value ofm when R = 0 (Rm =
0) since X = 0 (for any value of i * 0, according to Eq. 9).
Eq. 36 follows directly from a consideration of a Poisson
distribution of photon hits per domain; this equation has
been previously obtained by Mauzerall (14).

(b) m = 2

02)(l)= (1 - R)e-x-', + Re-xlY (37)

+(2>(Y) = [2 - (I - R)e-Y- (1 + R)e-x'YJ (38)

(c)m 3

'(3)(Y) = ( - R2)e-x-Y,

+ (4/3)R(1 - R)e-xlY

+R( + R) e-X2Y, (39)
3

=j;4(y)3 - (1 - R)2e--'--(2/3)(1 - R)

q =XV (44)

and

RX= -(I- R)XcV-In (I -X+'). (45)

Using this equation, 4' as a function of X can be easily
evaluated by assuming appropriate values of X+' and
substituting these in Eq. 45, thus solving for X, and then
using Eq. 44 to solve for the corresponding value of 4'.
When R - 0, it is evident thatX' 0O is a valid solution

of Eq. 45. Under these conditions, the logarithmic term in
Eq. 45 can be expanded, and we obtain

, (I + 2X/R) -1 (for_R- °)-
X/R (46)

IfR - 1.0, Eq. 45 reduces to Eq. 36, i.e., the Poisson law. It
can be shown that 4' does not significantly deviate from
Poisson-like behavior as long as R is near unity.

SOME CALCULATED EXAMPLES OF V' (Y)

Utilizing Eq. 45 (m -* oo), we have calculated the depen-
dence of 4' as a function of X for different values of the
fluorescence quenching parameter R. While the experi-
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FIGURE 3 Calculations of integrated normalized fluorescence yields V'
for different values of R for in -~ co, using Eq. 45. X is the number of
effective photon hits per quencher (transforming the latter from Q.- Qqr
The dashed line was obtained with Eq. 46, showing that Eqs. 45 and 46 do
not give the same results for R - 0.1.

mentally measured fluorescence yields 4) increase with
increasing X for R > 1.0, and 4) decreases for R < 1, the
corresponding 4' values decrease in both types of cases (see
Fig. 2).

For R = 1, the dependence is given by the Poisson law
(Eq. 36). The dependence of 4' on X for m = oX and for
different values of R is shown in Fig. 3. These curves have
been calculated according to Eq. 45. Similar calculations
of 4)' for different values of m, but for the same value of
R(= 0.01) are shown in Fig. 4. Them = 1 case, of course, is
the Poisson case. It is interesting to note that the shapes of
the curves for R < 4 in the examples shown deviate only to
a negligible extent from that of the pure Poisson case (m =
1). However, for increasing m, the curves are displaced to
the left along the horizontal axis by intervals corresponding
to [X(m = 1)1/m = X (1 < m s 6). Thus we can write

'(X) - IO-e-mx) for R < 0.01, 1 s m < 6 (47)

and the Poisson-like behavior is observed for approxi-
mately m S 6. The smaller the value of R, the larger the
value of m for which Eq. 47 is still applicable. For a given
value of R, the deviation of 4' from Poisson-like behavior is
larger, the larger the value of m. In such cases, exact Eq.

I.6

Ii~~~~~~~~

1.01 5.05 5.1 0.s 1. 5. 1

FIGURE 4 Calculations of +' as a function ofXfor R -0.0 for different
values of m. For m < 10 the curves have been calculated utilizing Eq. 32.
The m -Xc (solid line) is calculated utilizing Eq. 45; 0, points calculated
from Eq. 46, showing that these two equations give the same results for
R - 0.01. 0, values calculated from the pseudo-Poisson case, Eq. 47, by
displacing the m - 1 curve along the horizontal axis by an amount
-X/m.

32, using Relationship 43, must be utilized to evaluate 4'
(X) for finite m. When m = 00, Eq. 45 should be used.

In Fig. 4 it is evident that the approximation Eq. 46 is a
good one for R = 0.01 but deviates significantly from Eq.
45 for r = 0.1. Thus, Eq. 46 can be used only in the case of
very strong quenching (small R).
To summarize this section, the appropriate equations

(32, 36, 45, 46 or 47) to be used depend on the values ofR
and m. The appropriate conditions under which each of
these equations is applicable is summarized in Table I.

SOME CALCULATIONS OF q, THE
FRACTION OF QUENCHERS IN THE Qq
STATE

We consider the situation in which the initial concentration
of quenchers in the domain is zero (q0 = 0 in Eq. 30). The
fraction q = (i/m) can be easily evaluated using calcu-
lated values of 4' in conjunction with Eq. 44. The parame-
ter q in case a, fluorescence induction, corresponds to the
fraction of reaction centers that have been closed. This
quantity can be measured experimentally (6, 15, 16). In
addition, if we assume that the photochemical yield (e.g.,
oxygen evolution), even though it consists of multiple
photo-induced steps, is proportional to q (the fraction of

TABLE I
CALCULATION OF FLUORESCENCE YIELDS FOR DIFFERENT RANGES OF THE PARAMETERS m AND R

m R - 0 R'0.01 R = 1.0(orod.0) R ,finite

m= 1 Poisson Poisson Poisson Poisson
m = 2 - 6 Poisson pseudo-Poisson Poisson generalcase
6 ' m : Xo Poisson general case Poisson generalcase
m-Xo Poisson continuum Poisson continuum

Evaluation of the normalized fluorescence quantum yield ' (X) as a function of the number of effective photon hits per quencher. Directory of equations
to be used for different values ofm (quenchers per domain), and R (the ratio of high intensity/low intensity fluorescence yield).
The equations can be found in text as noted: Poisson, Eq. 36; pseudo-Poisson, Eq. 47; general case, Eq. 32 (with inX = x. Y); continuum, Eq. 45, for last
column, and Eq. 46 for R ' 0.01 column, an approximation of Eq. 45.
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reaction centers that have been photochemically acti-
vated), then q also gives the so-called flash-yield of oxygen
(17-19).

In case b, fluorescence quenching by carotenoid triplets,
q corresponds to the fraction of molecules that have passed
into the carotenoid triplet states (8). It is therefore instruc-
tive to examine how q varies as a function of X in a few
representative cases.

For R = 4, it becomes easier to saturate the reaction
centers as their number m per domain increases. The rise
of q as a function of the number of effective hits per center
is exponential for m = 1. An exponential Poisson depen-
dence has been recently observed for the oxygen yield in
Chlorella as a function of photon hits by Ley and Mauzer-
all (19). In other experiments, however, nonexponential
behavior is often observed for the photochemical yield in
photosynthetic systems (17, 20). There is little difference
between the m = 1 and the m = 2 curves. These differences
diminish as R becomes smaller than 4 and approaches
unity. Thus, the type of curves depicted in Fig. 5 a tend to
merge for small values ofR near unity and for small values
of m. It is thus possible to observe an exponential rise of q
even for m = 2, 3, 4. . ., as long as the value ofR is smaller
than 4. The exponentiality is better the closer R is to
unity.
The behavior of q(X) is quite different when Qq is a

stronger fluorescence quencher than QO (case b). Some
typical curves calculated for m = 1, 2, 3 and X are shown in
Fig. 5 b. For the m = 1 case, q displays exponential
behavior as in Fig. 5 a. For the m = 2 case, q tends to
approach saturation when q = (i/m) - 0.5; for the m = 3
case this occurs when q * 0.33. This follows from the R =
0.01 condition, which implies that Qq is a very strong
fluorescence quencher, relative to the quenching ability of
Q.. Thus, the first hit per domain produces the transforma-
tion of one of the quenchers from QO to Qq, thus producing
one quencher per domain. Subsequent hits are much less
effective in producing additional Qq states because of the
strong quenching ability of the first Qq. Therefore, in
general, there is a sharp levelling off in the q(X) curves
when q = (i/m) 1l/m, i.e., when there is one quencher
per domain.

In the continuum case (for m = o), there is a sharper
initial rise, and a slower rise in q as X increases. Similar
behavior has been experimentally observed by Breton et al.
(8) for the quenching of the fluorescence in chloroplasts by
carotenoid triplet states.

SOME CALCULATIONS OF
INSTANTANEOUS FLUORESCENCE
YIELDS, 4 (Yt)

In the steady-state approximation (Eq 16) and for m = 00,
Eq. 41 can be solved for 4 (= (n)/al), giving

4) ~ 1
(48)

Om R + (1 - R)q. (48)

1.0

(q)

0.5

0
0 5 6

( x )

FIGURE 5 Calculations of q - ( i/m ) as a function of effective photon
hits X, the fraction of quenchers transformed to the Qq state. In case a,
this would correspond to the fraction ofoxidized (closed) reaction centers.
In case b, q is the fraction of carotenoid molecules in the triplet state.

This is a form of the familiar Stern-Volmer equation. If
excitation pulses are utilized, X can also be obtained from

d=-(Xb).dx (49)

Values of q for different values of X can be calculated as
outlined in the previous section, and then the relative
instantaneous fluorescence yield can be evaluated from Eq.
48 for m = oc. In fluorescence induction experiments, the
instantaneous fluorescene yield increases from a value of 0),
to a value of 0)m as q varies between 0 and 1. By making the
assumption that X a time Eq. 48 can be used to calculate
induction curves. Several such curves are illustrated in Fig.
6. An exponential induction curve for m = 1 is shown for
reference. For R = 4, which is a typical value in fluores-
cence induction experiments with chloroplasts the induc-
tion curve shows the typical sigmoid behavior (for m = 00).
However, as the value of R decreases, the sigmoidal
behavior becomes less prominent and practically disap-
pears for R s 2. This is an important point to note, since in
practice it is frequently observed that fluorescence induc-
tion curves that are initially sigmoidal can become expon-
ential depending on preillumination conditions (13, 21 ) or
the redox potential (22). The behavior depicted in Fig. 6
shows that even in so-called "multi-central" units, or the
continuum or lake model, the induction curves display
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0.4

0.2

0
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FIGURE 6 The dependence of the shapes of fluorescence induction
curves on the parameter R - where cOis the initial and 4'O
(normalized to unity) is the final fluorescence yield. The parameter X
(Eq. 43) is proportional to the number of photons absorbed. These
induction curves can be compared with those measured experimentally in
which the time, rather than the intensity, of the illumination is varied
(1, 12 13), by noting that X a time in such experiments (assuming
constant light intensity after the onset of illumination). The data for R -

1.5, 2, and 4 have been calculated for the m - Xo (lake model) case, while
the exponential m = I case (which is independent of R!) is appropriate for
the puddle model (-----).

exponential behavior when R is small. Thus, the ratio of
the final to the initial fluorescence yields must be carefully
considered before conclusions based on sigmoidicity of
fluorescence induction curves can be reached.

Another interesting quantity to examine is the depen-
dence of m/4l on q for different values of m and for R =
0.01 (Fig. 7). In these calculations, 4' (Y,) was first
evaluated from Eq. 31 using mX = xoY,, ) was then
calculated from Eq. 26. The quantity q was determined
from Eq. 30 (with qo = 0) after obtaining V' from Eq. 32. It
is evident from Fig. 7 that an abrupt rise in 4)m/4) occurs
when q 1I/m. The reasons for this behavior are evident
from Fig. 5 and the associated discussion. At these particu-
lar values of q, corresponding to one quencher per domain,
there is a drastic decrease in 4 as q increases from 0 to -

1/m; for q > 1r/m the change in the fluorescence yield is

FIGURE 7 Stern-Volmer-type plots of reciprocal instantaneous fluores-
cence yields O as a function of q (fraction of triplet excited carotenoids)
for different values of m, for R - 0.01.

less severe. This may also be seen qualitatively in Fig. 2
(see also Fig. 3 of reference 8); there is a relatively sharp
drop in 4 (Ye) when Y, is small (cf. Fig. 5), followed by a
much smaller rate of decrease as Y, increases further. As m
becomes larger and larger, the v)m/s)Vs. q. plot approaches
a straight line as predicted by Eq. 48 for the continuum
case; for R = 0.01, the slope of such a straight line is 0.99,
and its q = 0 intercept is 0.01.
The results shown in Fig. 7 demonstrate that appropri-

ate parallel determinations of 4)m/4 and of q could give
important information on the value of m, i.e., the dimen-
sionality or size of the domain. This behavior can, in
principle, be tested by monitoring the intensity (and thus
q) dependence of the fluorescence yield of chlorophyll-
protein complexes and their agreggates, which constitute
domains ofvarying sizes. It should be pointed out, however,
that it may be difficult experimentally to achieve values of
q>> /m (see Fig. 5).

In fluorescence induction experiments it is customary to
plot (O)m/l)) - 1 vs. 1 - q, the fraction of open reaction
centers (Stern-Volmer plots). Because the fluorescence
quenching efficiency of the open centers (QO) is higher than
that of the closed reaction centers (Qq), the Stern-Volmer
equation should give, in the continuum case, a straight line
with positive slope when 4)m/m) is plotted as a function of
1 - q, the fraction of centers in the QO state. Rearranging
Eq. 48, we obtain

0m--=(R- 1)(1 -q).-1 - (50)

Such a straight line plot for R - 4 is compared in Fig. 8

3.0

2.0

1.0 2

0
0 0.2 0.4 0.6 0.s 1.0

(1-q )

FIGURE 8 Stern-Volmer-type plots of reciprocal fluorescence yields for
the fraction of reaction centers in the Q, (open) state for R - 4
(fluorescence induction case) as a function of 1 - q.
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with similar plots calculated from Eq. 31 for different
values of m. The Stern-Volmer law appears to be a good
approximation for 4 as long as m > 6. Fluorescence
induction measurements can thus also provide information
on the size of the photosynthetic domains. Both Clayton
(16) and more recently van Gorkom et al. (15) have
reported for photosynthetic bacteria and for chloroplasts,
respectively, that Stern-Volmer type plots are obtained
when 'm/) is plotted as a function of 1 - q. These results
indicate that there are many reaction centers per domain in
these systems, i.e., that the domains are large. However, it
should be kept in mind that the existence of more than one
quenching state of reaction centers (23) and a heterogene-
ity of photosystems have been proposed. These additional
complexities, while they can be easily introduced into our
model, have not been taken into account here.

CONNECTION BETWEEN THIS THEORY
AND BRETON ET AL.'S LAKE MODEL (8)
OF SINGLET-TRIPLET EXCITON
QUENCHING

Breton et al. studied the time dependence of the fluores-
cence yield (8) and the integrated fluorescence yield (24)
as a function of laser pulse intensity. A microsecond
duration pulse was used so that the conditions (16) were
satisfied and the quenching of the fluorescence was attrib-
uted to carotenoid triplet excited states. A continuum
model was adequate (8) for accounting for the dependence
of q (the concentration of carotenoid triplets) on the laser
intensity, and of 4 (Y,). In their model, the concentration of
triplets was denoted by nT and that of the singlets by ns. A
bimolecular singlet-triplet exciton quenching constant YsT
was defined whose value was found to be 10-8cm3s-'. The
value of ysT is similar to the value of ys = 5.10-9cm3s-'
found for singlet-singlet exciton quenching (25).

If we define the volume of a domain by V, then the
following relations connect the variables used in this work
to those of Breton et al.

(n)

nT= (carT) = (i)/V, (caro) = ml/V at = ac/V. (51)

Here (caro) denotes the same thing as QO, the number of
ground-state carotenoid molecules that can be converted to
triplets (carT).

With these definitions, Eq. 41a reduces to

ds =aI-k ns- k
nsn = aI - kn5s-TsT (52)dt ==(car.) T-'Snn

where yST = (kQ,m)/(caro). This equation is the same as the
one used by Breton et al. (8).

COMPARISON BETWEEN
SINGLET-SINGLET AND SINGLET-TRIPLET
EXCITON QUENCHING CURVES

These quenching curves are defined as plots of the inte-
grated fluorescence yield 4) (or 4') as a function of the
relative number of photons incident on the sample (or
absorbed by the sample). We shall confine ourselves to the
continuum quenching laws, since the m - Xo case has been
found to be appropriate for describing singlet-singlet
exciton annihilation quenching curves (9, 25) according to
the equation, first derived by Swenberg et al. (26)

(52)

(The parameter X in this equation, since it pertains to
singlet annihilation, is different from the one defined in this
work. However, X is in all cases a linear function of the
number of photons absorbed; thus the ratios of intensities
that are important in this discussion are independent of the
differences in proportionality constants.)
We shall calculate the intensity ratios

xo.I
Xo.9

(53)

where XO., and X0.9 are the relative intensities correspond-
ing to 4' = 0.10 and 0.90, respectively. Therefore, the ratio
(Eq. 53) is a measure of the "steepness" of the fluorescence
quenching curves, or of how rapidly 4' decreases with
increasing X. We find the following:

Poisson quenching law
(Eq. 36)

Xo.IXO.g -50

Singlet-singlet quenching X0.1/X0.9 150
(Eq. 52)

Singlet-triplet quenching X0.1/X0.9 730.
(Eq. 46)

Thus, the steepest decrease (smallest ratio) in 4) is expected
for a pure Poisson quenching law, which has not been
observed either for singlet-singlet, or singlet-triplet
quenching. The less steep behavior for singlet-singlet anni-
hilation is indeed observed. For singlet-triplet quenching a
ratio of 1,000 has been observed experimentally (24).
Therefore, the continuum quenching laws derived in this
work and elsewhere (9) provide, at least qualitatively, a
good interpretation of experimental data.

OTHER APPLICATIONS OF THE THEORY

In this work, we have considered only one type of quencher,
which can exist either in the state Q. or Qq. Quenching can
occur by both singlet-singlet and singlet-triplet exciton
annihilation. Fortunately, by an appropriate selection of
excitation pulse length, it is possible to avoid the competi-
tion between singlet-singlet and singlet-triplet exciton
annihilation (24). Other types of competition between

BIOPHYSICAL JOURNAL VOLUME 44 1983

I.ss = (I /X) log (I + X).

74



different types of quenchers can be easily treated by
generalizing the theory derived here. Some examples are:

(i) Two or more types of reaction centers (23) or
photosynthetic units (18, 22). Exact treatment of fluores-
cence induction curves is possible.

(ii) Competition between quenching of excitons by
carotenoid triplet states and by open reaction centers. A
detailed study of such effects, including an experimental
determination of the fraction of reaction centers that
remain open, and the number of excited carotenoid triplets
produced, could give information on the relative locations
of these species in photosynthetic systems.

(iii) Competition between singlet-singlet exciton annihi-
lation and exciton capture by open reaction centers. A
detailed consideration of these effects by this theory may
provide new information on the rate of exciton caputre by
reaction centers since the bimolecular exciton annihilation
coefficient is known (25).

Finally, this theory can provide information on domain
sizes. We have tested the theory by comparing fluorescence
quenching curves obtained with small chlorophyll-protein
complexes, aggreggates of such complexes, and whole
chloroplast membranes. These results, as well as detailed
considerations of the different types of competitive quench-
ing (i-iii) will be treated in detail elsewhere.

COMPARISON WITH MAUZERALL'S
STATISTICAL THEORY

Mauzerall (10, 14) has utilized a fundamentally different
approach to calculate photochemical yields and fluores-
cence parameters of photosynthetic units subjected to
multiple photon hits. As in our treatment, and, in fact,
every other treatment in which the statistics of photon hits
must be taken into account, Poisson distributions are
utilized. Mauzerall has postulated several models to
describe the effects of succeeding photon hits in a domain,
including semi-annihilation and total annihilation of
excitons, escape at closed and open traps, etc. (10); the
kinetics of the system were treated by considering the basic
decay parameters of the excitons in relation to the mean
frequencies of excitation.
Our basic approach, while statistical in nature, is quite

different and is based on solutions of the master equation in
which the exciton and quencher (trap) parameters are
specifically considered. Thus, our basic results are also
quite different from those of Mauzerall's. The yields
(photochemical as well as fluorescence), as embodied in
Eq. 31, 32, and 44 are, in general, described by a series of
weighted exponentials. The arguments of each exponential
are a function of the quantum yields x, of transformation of
quenchers (Q- Qq) and the number of photons absorbed
in a domain; thus the history of the domains (in terms of
the previous absorption of photons) is treated in a totally
different way than in Mauzerall's case. Furthermore, the
relative weights of each exponential in the series (Eqs. 31

and 32) depend on the size of the system (the parameter m)
and R, the parameter that describes the fluorescence of the
system in the limits of low and high excitation intensities.

It is shown here that our expression for the fluorescence
and photochemical yields reduces to Mauzerall's "cumula-
tive one-hit Poisson distribution" only under special cir-
cumstances: (a) when either m = 1 (the puddle model) for
all values of R, or (b) R = 1 (no change in fluorescence
yield as a function of intensity), and for all values of m
(independent of the size of the photosynthetic unit). In all
other cases the results of the two treatments are different.

APPENDIX

Solution of the Master Equation
To solve the Master Equation (Eq. 1), it is useful to introduce the
quantities M,j (t) defined as follows:

Mi,,(t) = E C" p(i, n; t) where C= (n-
-I- n -/ !!

We can thus obtain (cf. Eqs. 15)

Mj,O(t) = E, p(i, n; t) =pi(t)
n-O

AI',(t) = E np(i, n; t) = n,(t)
n-I

Mco)~n(n - 1)Mi2(t) = E (2 p(i, n; t) etc ...
rn-2 2

(Al)

Using Eq. 11 we obtain

dt - - K,M1j + IMi,,,
-(I + 1)K;M+,jI + (I + l)K;,1, Mi_,,+I (A2)

This system of equations can be solved by supposing that starting with the
rank l > 4,, M, << 1. This is realized if ni (t) < I0. If the excitation intensity
is sufficiently weak that 0! 4 K., Km. One can choose 10- 2.
The set of equations in Al, then, contains only two equations

dp
d -K'ni + K _, nj-j

dn.
dt = alp,-K ini (A3)

from which, if it is assumed that

dI-«<K K.,Idt

one obtains

ni-aIpinKKj
and

dp, -xiPi + Xi - I Pi - Ioldt XP+w~ (A4)
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where X = (K;/K,) (see Eq. 9). Eq. A4 can be rewritten as follows (see
Eq. 19):

dpY

We introduce the Laplace transformation pj(s)

pS)= e'"t p,(Y,) dY,

and the generating function Z(z,s) = 4j0! A(s)z' where (Eq. 27)
9b; = (4)N - 9b m)/(4 o - 4) n). By using (A5) one obtains

z(z + a) =-b(z + a) Z + (mr-I + b) zZ
clz

(n-(m i)z'p(o)
i-o Xo

where p,(o) is the probability that there are i quenchers in the state Qq at
the time t = o, and

s 1 -R
a = _~ I

XO R

b =-(1 + s/X0)r.
a

Eq. A6. can be easily integrated to give

Z(z, s) = Pi(°o)
rn-i I ~~~z1(z + a)rn11

j _ (-l-i 1)' b+j ). (A7)

By setting z - 1 and by taking the inverse Laplace transformation, one
obtains

rn-l rn-I R(1-RI nm-1-j
'(yt= Epi(O) 7 Ci rnrn)I

i-O j-i m

(m - j)m-j[j + (m - j)R]j-i-'e-xJYt (A8)

and from Eq. 29

rn- i (1-I R)rnIJ
4(Y)=y Pi(o) (rn-l) - cm-, rn-i- I

(m - j)m-j-1[j + (m- j)R]j-ie-xJY] (A9)

Furthermore, by expanding A.7 in powers of s one can calculate the
different moments of 4' (Y,):

4)'(Yt)dY1 = AMp(o) mx
YOr(Y,)dY, (m + i-1) + R(m - i) etc...JO Y6k(Y,)dY, = 2x:R

The Random Spatial Exciton Distribution
Approximation

It is well established (see reference 27 for example) that this approxima-
tion is valid when the rate of transfer (F6ster transfer rate per chlorophyll

molecule multiplied by the number of nearest neighbor molecules) is
rapid in comparison with the rate of capture K,, (Eq. 6) of an exciton by a
quencher molecule. Under these conditions, which may not hold for all
photosynthetic organisms (28), the rate constant K; is a linear function of
the parameter q = ( i/m ) as implied in Eq. 6 (29). However, Paillotin
has shown that this linear dependence of K, on q may also be valid even
when the spatial exciton distribution is not totally randomized (30). A
detailed treatment of exciton motion (by the random hopping mecha-
nism) in the presence of partially open and closed reaction centers gives
the following expression for the relative instantaneous fluorescence yield
as a function of q (30):

1

Om= + (1 -q)(R- 1) (A10)
1 -K In (1 -q)

where

K (kFJ(N(R -1) (A11)
"km1 7rL(Al

where N is the number of chlorophyll molecules per domain, and the
parameters km and R are defined in the text (Eq. 28).
When the condition

Ki ln (l-q) I << I (A12)
is valid, Eq. 10 reduces to

', R+(I-R)q
which is the Stern-Volmer relationship (Eq. 48) derived in the text. This
equation is obtained when K; is a linear function of q and thus justifies the
use of Eq. 6.
To determine the conditions under which Inequality A12 is valid, we

evaluate the quantity K in Eq. Al 1. We note that Om/kF - rm, the exciton
lifetime when all of the reaction centers are closed (i - m); in green plants
Tm = 2 x 10-9 s (31). The transfer rate has been estimated to be 5 x
10'2s' (32) and, using N = 1,000 (9), with a typical value of R = 4
(1, 12, 13), weobtain

In (1 - q) I << 10. (A13)

Thus, the approximate form of Eq. A10 given by Eq. 48 is valid for most
values of q, except when q - 1.0 (almost all reaction centers closed).
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